APPLIED ANALYSIS/NUMERICAL ANALYSIS QUALIFIER
Applied Analysis Part, 2 hours
August 8, 2018

Instructions: Do any 3 of the 4 problems in this part of the exam. Show all of your work clearly.
Please indicate which of the 4 problems you are skipping.

Problem 1. Let H be the Sobolev space H = H}0,1] = {f € L*0,1] : ' € L?[0,1] and f(0) =

f(1) = 0}, where (f,9)n = fo x)dz. You may assume that H is a Hilbert space and that if
f € H, then f € C[0,1].

(a) State and prove the Riesz Representation Theorem.

(b) Show that it / € H, then ||,y < 7]

(c) Let f € C[0,1] and let the “delta” functional d,(f) = f(z). Use parts (a) and (b) to show that
there exists G(z,-) € H such that f(z) = (f,G(z, ))n for all f € H. Verify that G(z,y) =
G(y,z). (Hint: Let f(-) = G(y,").)

(d) Let X := {1 < 3 < -++ < 3} C R. Define the n x n matrix A by A;; := G(zj,zx). If Ais
invertible, show that there exists a unique s(z) = Y p_, exG(x, ) € H such that s interpolates
fon X —ie, S(mj) = f(m_?)a j=1...,n

Problem 2. Let P be the set of compactly supported C® functions defined on R and let D' be the
corresponding set of distributions.

(a) Define convergence in D and D'.
(b) Let ¢ € D and define ¢p(z) := (¢(z ) ¢(x—h))/h. Show that, in the sense of D, limp_,q 5 = ¢'.

(Hint: apply Taylor’s formula to th — plnt1) )
(c) Let T € D' and define Ty, = (T(z + h) — T(x))/h. Show that, in the sense of distributions,
limp o Th = 1",

1 <
(d) Use (¢) to show that if T(z) = e<0 then T'(z) = —é(z).
0 >0,
Problem 3. Let k(z,y) = z%y'? and consider the operator Ku(z fo y)dy.

(a) Show that K is a Hilbert-Schmidt operator and that || K ||Op <1/15.

(b) State the Fredholm Alternative for the operator L = I — AK. Explain why it applies in this
case. Find all values of A such that Lu = f has a unique solution for all f € L2[0, 1].

(c) Use a Neumann series to find the resolvent (I — AK)™! for A small. Sum the series to find the
resolvent. '

Problem 4. Consider the one dimensional heat equation, u; = uge, with u(z,0) = f(z), where
—o00 <z < oo and 0 < t < co. Use Fourier transforms to show that the solution u(z,t) is given by

u(z,t) = f K(z —y,t)f(y)dy, K(z—y,t) = (4ﬂt)—1/2eﬁ(m*y)2/4t.

You may use any consistent Fourier transform convention® and any of the standard Fourier transform
. . . 1) 2
properties. You are also given that ffom e W EWU gy, — me ™ /4,

'For example, f(£) = i flmle ™de & f(z) = & [, Fle)e™tdn, or F(&) = & [ f(z)e'™dz & flz) =

= f(f)e”"'sdw.
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Problem 1. Let 2 :=(0,1)% and u € Hy(Q) == {u € HYQ) : [qu=0} besuch that

= u Vo = =i Ly 1
alu,v) .—fQV v fﬂfv L(v), Vv € Hy(Q),

where f € L*(2) is a given function satisfying [, f = 0. Accept as a fact that there exists a unique
weak solution u &€ H;# Q).

The goal of this exercise is to analyze a non-conforming finite element method relaxing the vanishing
mean value condition.

(1) Consider the approximate problem: Given 0 < € < 1, seek u® € H' () such that
ac(u, ) ::f V’U.E'V’U+Ef u‘v = L{v), Yo € H(Q).
Q Q

(i) Show that the above problem has a unique solution; (ii) show that [, u€ = 0, i.e. u¢ € HJ();
(iii) Show that there exists a constant C' independent of € such that

IV(u = u)|| < Cel| fll 2 (-
Hint: You can use (without proof) the following inequality: There exist a constant ¢ such that
for all v € H(Q) there holds
vl 22y < ell Vollr2(e).-
(2) Let Vi, be the finite element space
Vi = {‘Uh < Co(ﬁ) : 'UlT = Pl, VT € 771},

where 73, is a subdivision of Q made of triangles of diameters h > 0.
Consider the discrete problem of finding wj, € V}, such that

ae(uf, vp) = L(vn), Yup, € V.
i) Show that u$ exists and is unique in Vy; (ii) Prove the following error estimate
h
1V (uf = wf)Faqqy + ellu’ —uflZam) < e (B + by

where ¢ is a constant independent of h and e.
Hint: you can use standard interpolation results without proof.

(3) Assume that |uf|p2q) < C| fllr2q) for a constant C independent of € and derive an error
estimate for | V(u — uf)| p2(n). What is the optimal choice for €7

Problem 2. Let T be the unit triangle in R?, with vertices v1 = (0,0), vo = (1,0), and v3 = (0, 1) and
edges e; = v1vg, €3 = vovs and e3 = vgu1. Let RTp = {(a +cz,b+cy) 1 a,b,c € R} (so that members
of RTy are vector functions over T, and [Po]* ¢ RTy & [P1]?). Finally, let o4(d@) = [, @ i, where 7i; is
the outward pointing unit normal vector to T on e;, and let ¥ = {01, 02, 03}

(a) Show that (T, RTy, ) is unisolvent.

(b) Find a basis {@1, @2, Fa} for RT} that is dual to I, i.e. 0;(F;) = &;; with §;; = 1ifi = j and d;; =0
otherwise.

(c) Let (Mi)(z) = S5, 03(@)@i(x), # € T and @ € [HX(T)]*. Show that
1@ — Tl 1, (ryp2 < Clulgen e, v € [HY(T)]?.
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Note: You may use standard analysis results such as trace and Poincaré inequalities without proof, but
specify carefully which inequalities you are using.
Problem 3. Let Q C R? be a polygonal domain, T' > 0 be a given final time and b be a given smooth
vector valued function satisfying
div(b(z,t)) =0 (z,t) € 2 x[0,7] and b(z,t)=0 (z,t)e o x][0,T].

Consider the time-dependent problem

o

8—":($,t) +b(z,t) Vulz,t) =0,  (z,8) € Q x (0,T)
together with the initial condition u(z,0) = up, z € Q.

Let 7p, be a subdivision of {2 made of triangles and
Vi={vp € C°Q) : wplx €PL VK € T}
Choose an integer V > 2, set k := T/N and %, := nk. Let '”'.91 € Vj be a given approximation of ug.
For 1 <n < N define uy € V}, recursively by the relations
1

. fﬂ (W} (@) — w2 (@))vn(z) do+ fﬂ (b(,4,) - Vel(@))on(z) ds =0, Yoy € Vi

e Prove that given uj € V}, the above finite dimensional system has a unique solution u’,;““ e V.
e Provethat for 1< n< N

0
llurllz2@y < llupllzz)-
o Is the matrix representing the finite dimensional system symmetric ? Justify your answer.



