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Answer all questions. Write your name and page number in pipeuright corner of each page.
Start each problem on a new sheet of paper, and use only anefsdch sheet.

Notation. R denotes the real numbers, aRd denotes Euclidean-dimensional spaceS" ! is
the unit sphere centered at the origirin.

1. Let X be a Hausdorff topological space.
(a) Show that every locally compact subspac&ast the intersection of two subsets_&f,
one of which is open and the other closed.
(b) Show that ifX is locally compact, thelX is completely regular.
2. A continuous functionf : X — Y is calledperfect if f is closed and the set'(y) is

compact for each € Y. Prove thatiff : X — Y is a perfect mapping onf, thenf~1(2)
is compact for each compagtC Y.

3. Let A be a connected subset of a connected spa@ndB C X — A be an open and closed
set in the topology of the subspa&e— A of the spaceX. Prove thatd U B is connected.

4. If a collectionF of subsets of a spack is locally finite andA is compact for eacht in F,
then eachd € F intersects only a finite number of elementsfaf

5. Let M™ be a smootl-dimensional manifold.

(a) State the definition of a smoothhidimensional manifold. Define the tangent bundle
of M.
(b) M™ is parallelizableif there existn vector fields onV/ which are independent at each
point of M. Prove thaS"~! x R is parallelizable for alh.
6. Let (X, p) be a metric space.
(a) Show thatX is compact if and only if every sequence Xhhas a convergent subse-
qguence.

(b) Assume thatX is compact. Letf : X — X be anisometry; that is, p(z,y) =
p(f(z), f(y)) forall z,y € X. Prove thatf is a mapping ontd.
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7. Give an example of an immersigh: R — R? that is not an embedding. (Full justification
is required: prove that your example is an immersion, bunatmbedding.)

8. Consider the smooth map : R? — R? defined by

F(x,y,2) = ((z —y)* (x—y)y—2), (y — 2)%).

(a) What is the maximum rank that achieves?
(b) Atwhich points(z,y, z) € R? is the rank ofF less than the maximum?

9. Assume that all functions are maps of Euclidean spaces.

(a) State the Inverse Function Theorem.

(b) State the Implicit Function Theorem.

(c) Assume that the Inverse Function Theorem holds, andegievimplicit Function The-
orem.

10. Let 72 denote the two-dimensional torus with the standard stracs a differentiable man-
ifold.
(a) Provel™? admit a flat metric; that is, a metric with Gauss curvaturaiidly zero.
(b) Use part (a) and the Gauss-Bonnet Theorem to compleféulee characteristic df2.
(c) DoesT? admit a metric that is not flat with Gauss curvatufe> 0? (Justify your
answer.)

11. Prove Cartan’s Lemma: Lét/ be a smooth manifold of dimensien Fix1 < k < n. Letw?
and¢; be1-forms on)M. Suppose thatthgo!, ..., w*} are point-wise linearly independent,
and tha = 3 | ¢; Aw'. Prove that there exist smooth functidng = h;; : M — R such

thatforalli = 1,... k, ¢; = Z;‘?Zl hij .

12. Prove that a Lie group admits a global framing.
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